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Dedicated to Mike Eastwood on the occasion of his 60th birthday 

Abstract. On a Mobius surface, as defined in Q], we study a version of the 
Einstein- Weyl (EW) equation which we call scalar- flat Mobius EW (sf-MEW). 
This is a conformally invariant, finite type, overdetermined system of semi- 
linear partial differential equations. We derive local algebraic constraints for 
this equation to admit a solution and give local obstructions. In the generic case 
when a certian Mobius invariant symmetric tensor M a b ^ 0, the obstructions 
are given by resultants of 3 polynomial equations whose coefficients are Mobius 
invariants. The vanishing of the resultants is a necessary condition for there to 
be solutions to sf-MEW. In the non-generic case when M a \, = 0, we show that 
there is a solution to sf-MEW on the surface. 



1. Introduction 

Let (M 2 , [g]) be a smooth 2-dimensional manifold equipped with a conformal 
structure [g] , that is an equivalence class of smooth Riemannian metrics under the 
equivalence relation g a f, i— > g a b = Q 2 g a b for any smooth positive nowhere vanishing 
function Q. Since every metric g a b in dimension 2 is locally a conformal rescaling 
of the flat metric S a b, conformal geometry in dimension 2 carries no local infor- 
mation. To remedy this, one can impose on conformal surfaces additional local 
structure present in conformal manifolds of dimension n > 2. This is the motiva- 
tion behind Mobius structures PQ. A conformal surface with a Mobius structure 
will henceforth be called a Mobius surface. We can study on Mobius surfaces a 
well-defined conformally invariant equation, which we call the scalar-flat Mobius 
Einstein- Weyl (sf-MEW) equation. This equation specialises the Einstein- Weyl 
equation in conformal geometry in higher dimensions to the 2-dimensional setting. 
We derive algebraic constraints for a given Mobius surface to admit a solution to 
sf-MEW, and from there derive obstructions to existence of solutions to the equa- 
tion. Abstract indices [3] will be used throughout the paper to describe tensors 
on the conformal manifold. We have already used g a b to denote the metric tensor. 
For another instance, if we write u a to denote a smooth 1-form u, then the 2-form 
duj can be written as V[ a a;&] = |(V ' a uj h — VbU a ). 



2010 Mathematics Subject Classification. Primary 53A30; Secondary 35N10, 58J70. 
Key words and phrases. Conformal differential geometry, Overdetermined systems with vari- 
able coefficients, Invariance and symmetry properties. 

The author would like to thank Mike Eastwood for comments and suggestions. 

1 



2 



Randall 



2. CONFORMAL GEOMETRY AND MOBIUS STRUCTURES 

A Mobius surface is a smooth conformal surface (M 2 , [g]) equipped with a 
smooth Mobius structure as defined in [lj. This is for any metric g a b in the con- 
formal class [g], a symmetric tensor P a b satisfying the following two properties: 

1) The metric trace of P a b is half the scalar curvature of g a b, i.e. g ab P a b = R/2 = K, 
where K is the Gauss curvature of M 2 ; 

2) Under a conformal rescaling of the metric g a b = Q 2 g a b, the tensor P a b transforms 
accordingly as 

Pab = Pab — V a Tfc + T a Tfc g a b, 

where T a = V a logf2. In 2 dimensions, the Schouten tensor P a b is not well-defined 
and a Mobius structure remedies that by equipping the manifold with a tensor that 
behaves like the Schouten tensor. However, in contrast to the higher dimensional 
case, the tensor P a b does not arise from the decomposition of the Riemannian 
curvature tensor on M 2 , since in 2 dimensions we have 

Rabcd = K(g ac gbd — gbcQad)- 

We shall fix a representative metric g a b from the conformal class [g] (the metric 
would be viewed as having conformal weight 2) to raise and lower indices. The 
metric g a b induces a volume form e a b = e^j of conformal weight 2, and we set our 
convention so that e ab e c b = 5". A conformal invariant of the Mobius structure is 
the Cotton- York tensor given by 

Y a bc ^a,Pbc V 'bP ' ac- 

We can use the volume form e a b to dualise, so that 

Y a bc ~^abY C ) 

where Y c = e ab Y a b c is now a 1-form of conformal weight —2. Observe that 

i^ = V = V„tf-V»P„, 

The vanishing of Y a characterizes flat (or integrable) Mobius surfaces. 

3. The sf-MEW equation on Mobius surfaces 

Let [P] denote the Mobius structure on (M 2 , [g]), which is the equivalence class 
of smooth tensors conformally related to P a b. On Mobius surfaces (M 2 , [g], [P]), 
the sf-MEW equation for a representative metric g a b G [g] is given by 

(1) V( a a 6 ) + a a a b + P a b c — g a b = 0. 

where a a is some 1-form. The 1-form a a is determined up to a gauge freedom; 
under a conformal rescaling of the metric g a b h- > g ab = Q 2 g a b, we have a a H- a a = 
a a + T a , where again T a = V a logfi. The 1-form a a determines a Weyl connection 
D a on M 2 . This is a torsion-free connection that preserves the conformal class [g], 
or equivalently D a gb c = 2a a gbc- In dimensions n > 2, the Einstein- Weyl equation 
implies that the symmetric part of the Ricci curvature of the Weyl connection D a 



Local obstructions to a conformally invariant equation on Mobius surfaces 



3 



is 0. In dimension 2, the sf-MEW equation implies that the scalar curvature of the 
Weyl connection D a is 0. This justifies the terminology chosen for the scalar-flat 
Mobius Einstein- Weyl equation. The sf-MEW equation is a conformally invariant, 
finite type, overdetermined system of semi-linear partial differential equations. A 
common proceedure to treat equations such as ([1]) is through prolongation [2]. 
This involves expressing first derivatives of the dependent variables in terms of the 
variables themselves. Let F a t = V[ a a:fc] = \e a \,F be the extra dependent variable 
where F = e ab F ab . We can rewrite §I§ as 

OL C OL 1 

(2) Va«f, + a a a b + P a b j^Qab = 2 €abF - 

Observe that tracing the equation gives V a a a + K = as a necessary constraint 
of the system. Differentiating d2J), we find that 

V a F = -2a a F - Y a 

is a consequence of the original equation. The derivative of the extra dependent 
variable F is now given by known quantities a a , F and Y a of the system. The 
prolonged system is therefore given by 

1 Qlf" Ol 

(3) V a a b =2 e abF H -^Qab ~ oi a a h - P afe , 

(4) V a F = - 2a a F - Y a . 

We can use the prolonged system to derive algebraic constraints for there to be 
a solution to (j2J). We obtain as a necessary condition for there to be solutions 
of ([1]) three polynomial equations in a single variable t with coefficients given by 
invariants of the Mobius structure, under the assumption that a certain Mobius 
invariant M a & ^ 0. The resultants of any two of these 3 polynomials will then have 
to vanish for there to be a common root t, and since the resultants are given only 
by the invariants of the Mobius structure, we obtain obstructions for there to be 
solutions of ([T]). In the case where M ab = 0, we show that there is a solution to 
([1]) on the Mobius surface. 

4. Statement of results 

In the flat case when Y a = 0, we necessarily have F = by differentiating 
(j2J) and skewing. The 1-form a a is therefore exact, and equation (j2J) specialises 
to the conformally Einstein equation for Mobius surfaces. We shall now restrict 
our attention to non-flat Mobius structures, that is one with Y a non-zero. By (jl]) 
this ensures that F 7^ 0. For any polynomials P(t), Q(t) in a single variable t, 
let Res (P (*),<?(*)) denote the resultant of P(t) and Q(t). Res(P(t), Q(t)) = is 
necessary and sufficient for P(t) and Q(t) to share a common root. Let Po(t) = 
a — 3pt 2 , where a and p are Mobius invariants to be defined later. It turns out 
that in deriving the constraint equations for ([1]) to hold we have to distinguish 
between the cases Po(P) = and Po(P) ^ 0. In the case where Po(P) = and 
(PQ) both hold on the Mobius surface, we have the vanishing of a symmetric tensor 
M ab that is an invariant of the Mobius structure. For the formulation of Theorem 
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I4.1[ we therefore assume that M ab ^ 0, which allows us to work locally in an open 
set U CM 2 where P (F) = a - 3pF 2 ^ 0. 

Theorem 4.1. Let (M 2 , [g], [P]) be a Mobius surface, with M ab ^ 0. Suppose 
(M 2 , [g], [P]) admits a solution to (Tjp. T/ien i/iere exists polynomials P\{t), Pzif), 
P 3 (t) in the single variable t with coefficients given by invariants of the Mobius 
structure such that when t = F , 

P 1 (F) = P 2 (F)=P 3 (F)=0 

must hold. 

The polynomial constraints Pi(F) = P2{F) = P 3 {F) = are explicitly com- 
puted in section [5j As a corollary, we obtain local obstructions for there to be 
solutions of ([Q). 

Corollary 4.2. Suppose the Mobius surface (M 2 , [g], [P]) has M ab ^ and admits 
a solution to (T7J). Then the following invariants of the Mobius structure have to 
vanish: 

Res(P 1 (t),P 2 {t)) = Res(P 1 (t),P 3 (t)) = Res{P 2 {t) , P 3 (t)) = 0. 

For the case when M a t> = 0, we have 

Theorem 4.3. Let (M 2 , [g], [P]) be a Mobius surface with M ab = 0. Then (M 2 , [g], [P]) 
admits a solution to (QJj ; with a a given by 

/ K v kY a mU a 

(5) a a = , 

P P 

where k, m, U a are quantities obtained from the Mobius structure to be defined 
later. 

In fact 

(6) M ab := V( a C*b) + CtaCtb + Pab g a b 

for a a given by (J5]), so that ([1]) trivially holds for Mobius surfaces with M ab = 0. 
The reason M ab is defined this way is so that we can use invariants of the Mobius 
structure to distinguish sf-MEW Mobius surfaces with Pq(F) = from those with 
Pq(F) 7^ 0. However it is unclear at the moment whether there are any examples of 
non-flat Mobius surfaces for which M ab = 0. We now proceed to prove Theorems 
14.11 and 14.31 in sections and respectively, and conclude the paper in section 
[7] by giving two examples of Mobius structures on IR 2 with the flat metric 8 ab for 
which one admits a solution to ([T]) and the other does not because of non- vanishing 
obstructions. 

5. Proof of theorem 14.11 

We shall derive the polynomial constraints Pi(F) = P2{F) = Ps{F) = for ([2]) 
to hold. The polynomials -Pi(t), Pz{t) and P 3 {t) are then obtained by replacing F 
with the indeterminate t. For notational brevity, introduce U a = e ab Y b , Y b = U a e ab . 
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The 1-forms U a and Y a each has conformal weight —2. Differentiating (JJJ) and 
skewing with e ac gives the first constraint of the system, namely that 

(7) - 2F 2 = e ac V a Y c + 2e ac Y c a a = V a U a + 2a a U a . 
Define the quantities 

V C F C , V C U C 

We can rewrite equation (J2J) as 

(8) a a U a = -F 2 - 0. 

Set W a = Y C V c U a + (j)Y a — 3pU a . The 1-form W a can be verified to be conformally 
invariant of weight —6. Differentiating (JB]) and using ([3]), we find that 

a a W a =3(a b Y b )F 2 + ^pF - Y b V b <P + P ba U a Y b + 3pF 2 + 3/i0, 

where p := U a U a = Y a Y a . To simplify notation, set 

£ =3/i0 + P ab U a Y b - F c V c 0. 

We have 

(9) a a W a = £+^ P F + (3/i + 3a a Y a )F 2 . 

We can now solve for a a assuming a := Y a W a ^ (cr has conformal weight —10). 
It is given by 

(10) a a J£ U + h -pF + (3/i + 3a c F c )F 2 ) - ^ (F 2 + 0) . 
Contracting with Y a on both sides gives 

a a Y a = P - (l + h -pF + (3/i + 3a c Y c )F 2 ^j + 1 (F 2 + 0) , 
where r := U a W a has conformal weight —10. Hence 

(11) (l - a a Y« = P -(t+\pF + 3/iF 2 ) + T -(F 2 + 
and for Pq(F) = o — 3pF 2 ^ 0, we obtain 



Substituting this expression back into (LTOj) gives 
^ /„ ,5 „ , „ -A e ab H/ fc 



+ a(a - 3,**) {' + 2 PF + 3 " F ) + o(a-3 P F*) < F + 
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Y a („ 5 „ ,A e ab W b - 3F 2 U a . 2 



We can rewrite this expression to obtain 

(a - 3pF 2 )a a = (YJ - e ab W V) + ^ a pF + F 2 + 3F A U a . 



Call L a = Y a £ — e ab W b cf). The 1-form L a has conformal weight —10, and we have 



(12) (a - 3pF 2 )a a = L a + ^-Y a pF + ^F 2 + 3F 4 £/ a . 

The derivation of (I12p still holds when a = 0. We shall now proceed to prove 
Theorem 14. II by deriving further algebraic constraints for there to admit a solution 
of 02]). This involves differentiating equation (I12p and using the equations ([3]) and 
(jlj) in the prolonged system to substitute. We then contract by the quantities 
U a U b , Y a Y b and e ab to produce three polynomial constraint equations 

Pi{F) = 0,P 2 (F) = 0,P 3 (F) = 0, 

in the variable F with Mobius invariant coefficients that have to be satisfied for 
there to be solutions to (j2J). After a routine computation we find that the first 
polynomial constraint is given by 

P m_ 63 n 2 F 8 io n „ F 6,( 12pa0-63pV + 3pf/ a V Q a+±(r + 3pp) 2 \ 4 

+ (j P 3 /x + ^rp 2 + ^p 2 (I^V«) F 3 

/(3p0 - a)(f/ a V a (x) + 21p0 2 a - 30a 2 + {pi + 0r)(3pp + r)\ 
+ V +f P 4 + 3pf/<V fc V b L a + QpaP ab U a U b - a ^g^ J 

+ (|pV + <H - \iU a U b V b Y a )ap^ F 

- a0(fTV a a) + ^(pl + 0r) 2 - - e(U a U b V b L a + aP afe f/ a f/ b ) 
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The second constraint is given by 

h(F) = ( ^3^ ) (0* + r<P) + \p 2 F + (r + 3pp)F 2 ) 2 - ^ 

- {%Y b Y a V b U a )p + 3p(30p - a))F 6 - 25p 2 (r + 3pp)F 3 
(3{Y a Y b V b U a )a - lpY a Y b V a S7 b p + |(r + 3/ip) 2 \ 4 

+ V +9p 2 p afe r a r b + 3(/)<j p - |(30p - a) 2 ,r 

/ |r a r 6 V a V b pa - if p 4 - 3(Y a Y b V b L a )p - QpaP ab Y a Y b \ 2 
+ V+0gt(3# - a) + (3/ip + r)(p£ + (jyr) - (3/ip + r)(Y a V a a) ) P 

+ + 3p M ) - yP V + fr) - \p 2 (Y a V a a)^ F 

+ (Y a Y b V b L a )a - ^ap 3 + P ab Y a Y b a 2 - + <prf 

_l0V-(pf + r0)(y a V a cr) 
=0, 

and we clear denominators to obtain P2{F) := P (F)P 2 (F) = (the polynomial 
is given by -P 2 (^) = -fbCO-f^))- Finally the third constraint is given by 

P 3 (F) = - 6rF 6 + 18p 2 F 5 + (3Y b V b a + 24(p£ + r<j>) - 6ap)F 4 + 13apF 3 

+ ^ -(3/i + p(^V 6 cT) - 10^ + 3pe ab V b L a ) F 
+ ^250crp - ^(f/ fe V 6 cr) - 8a 2 ^ F 

- ^Y b V b a - (U b V b a)(£+^) - (e ab V b L a )a 
P P 

=0. 

The concludes the proof of Theorem 14.11 We have so far assumed that the generic 
condition Pq(F) ^ holds on M 2 . In the next section, we examine the case where 
Pq{F) = and (T5]) both hold and show that they imply M ab = 0. 



6. Proof of theorem 14.31 

Since p = Y a Y a > for non-flat Mobius surfaces, computing the discriminant of 
Po{F) = gives 12pcr > 0, or o > for there to be solutions of Po{F) = 0. (In the 
case a = 0, it would mean —3pF 2 = which cannot happen if p > and F ^ 0.) 
The Mobius structures for the examples in section [7] turn out to have o < 0, so 
Pq{F) = cannot occur and the test for whether M ab = can be avoided. Under 
the assumption a — 3pF 2 = 0, we obtain from f fTTj) that 



= p£+ -p 2 F + 3ppF 2 + tF 2 + T(f>. 
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Substituting F 2 = gives 



5 9 „ TO" 

= pi + ~P 2 F + pa + — + r<; 
2 3p 



which upon rearranging gives 

(13) F = _| ^ + ^ g+ „ 

Also, the first constraint ([8]) becomes 

, 2 - / 



a a [T = —{F +( f ) ) = -^— + ( f ) j= m, 
where 

a 

m := — + (p. 
3p 

Differentiating once more and using ([3]) we obtain 

a a W a =a a (Y c V c U a + <\>Y a - 3pf/ a ) 

= - Y c V c m + -pF + P ca U c Y a + {<p- m){a c Y c ) + 3pm. 
2 

Let 

if) = 3pm + V ca U c Y a - Y c V c m. 
We obtain the following expression for a a : 

(14) a a = - ( \ P F + i> + (<p - m)a c Y c \ - ^^m. 

a \Z J a 

Contracting with Y a on both sides, we obtain 

a a Y a = P - (\ P F + il> + (0 - m)a c Y c ) + — 
a V 2 o 



2a a 3 a 

from which we obtain 

(15) q y q = V F+ 3 (# + ^) 

Substituting (TT5"j) into (TT4"|) now gives 

/3p 3(^p + rm)\ mt/ a 

and a further substitution of (TT3"j) gives 

_( 3 /I p r T<A 3(^p + rm) \ mf7 a 
aa "i 20\//3p 2 + F J + 4ap ; a p ' 
Defining the quantity by 



20 P 3p 2 pa / 4a 
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then gives (J3J). Hence for Mobius structures with Po(F) = and ([2]) both holding, 
we necessarily must have a a given by and the tensor M a b given by auto- 
matically vanishes. Conversely for Mobius structures with M a b = 0, taking a a to 
be as given in §5§, we obtain a solution to ([2]). Hence Theorem 14.31 is proved. 

7. Examples 

In this section we give examples of two different Mobius structures on the Eu- 
clidean plane IR 2 , one with vanishing obstruction and the other without. In both 
examples we have a < 0, so that Po{F) = a — 3pF 2 ^ and we do not need to 
compute the Mobius invariant M a b. 

7.1. Example with non- vanishing obstruction. The first example will be the 
Mobius structure given by P a & = x^ a e^ c x c on M? with the flat metric 5 a b- On M? 
we have K = 0. Here x a are standard local coordinates in R 2 so that d a Xb = 5 a b- 
Let For this Mobius structure, we have 

/63 

Pi(t) =256r 2 I —t s + 56t 4 - 640rt 3 + 672r 2 t 2 + 320r 3 t + 32r 4 
/ q 

P 2 (t) =256r 2 ( --t 8 + 56t 4 - 7392r 2 t 2 + 1472r 3 t + 288r 4 

P 3 (t) = - 768rt 4 (t 2 - 6rt - 4r 2 ). 

Using MAPLE, we find 

Res(P 1 (t), P 3 (t)) = 2 142 • 3 10 r 44 (2 4 • 3 2 • 7 2 r 8 + 2 2 • 7 2 • 59 • 251r 4 - 3 2 • 131) 

which is non-zero for general r. Similarly, the local obstructions given by Kes(P2(t), ^(i)) 
and Res(Pi(t), P2{t)) do not vanish on any open set. We conclude that the Mobius 
structure for this example admits no local solution to ([2]). 

7.2. Example with vanishing obstruction (and solution to ([2])). Consider 
the Mobius structure given by P a b = x a Xb — \b a bX c x c on M 2 with the flat metric 
5 a b- Again we have K = 0. It can be verified that a a = ±e a bX b is a solution to fl2]), 
since 

daCtb = d a (±t b cX C ) = ±t ba = Ttab, 

and therefore, using e ac e b d = S ab 5 cd - 5 ad 5 c b, we find 

Ql c (y c , 1 X C X C 

d( a a b ) + a a a b + P a b c — S ab =0 + e ac x c e bd x + (x a x b - -S a bX c x c ) Tj - ^ 

=o. 

We have 

Fab = d[ a O>b] = ±€[ba] = T^ab, 

so that F = =F2 depending on the sign of a a chosen. Computing Pi(t) gives 
Pl (t) =p 2 (t 2 - 4) f^-t 6 + 222t 4 + (512 - |^)i 2 + (384 + £ 
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Computing P^if) gives 

197 

+ (-640p 2 - —p 4 )t 2 - 1536p 2 + 18p 4 . 
8 

Multiplying throughout by Po(t) = — p(8 + 3t 2 ) and expanding the terms on the 
right, we obtain 

P 2 (t) = - p(8 + 3t 2 )P 2 {t) 

27 3/ 2 „/ 8 , 6 V 224 . 4 ,6400 19 2 . 2 .8 , 2048 A 

The third polynomial Ps(t) for this example is 

P 3 (t) =2p 2 t(9t 2 - 16) (t 2 -4). 

It therefore can be seen that P\(t), P 2 {t) an d ^(i) share a common root t 2 — 4, 
attained when t = F. The local obstructions vanish for this example. 
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